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Abstract
A family C of /nitely generated indecomposable modules is said to have right almost split
morphisms if there is a right almost split morphism f :N → M in addC for each indecomposable
module M in C. We show that, for any ring R, if C is a family of indecomposable left R-modules
of /nite length such that C contains a /nite cogenerating set and every subfamily of C has right
almost split morphisms, then every subfamily of C has a unique strong preinjective partition
of countable length. Su4cient conditions are given for a family of Noetherian modules with
local endomorphism rings to have the property that each of its subfamilies has right almost
split morphisms. A consequence of our results is a theorem, obtained by Zimmermann-Huisgen
(Proc. Amer. Math. Soc. 109 (1990) 309–322) with di8erent techniques, which asserts that every
family of /nitely generated indecomposable left modules over a left pure semisimple ring has
a unique strong preinjective partition of countable length. c© 2001 Elsevier Science B.V. All
rights reserved.
MSC: 16G10; 16G70; 16P20
1. Introduction
The notions of the preinjective partition and preprojective partition were introduced
by Auslander and SmalH in [4], where they also established the existence and unique-
ness of these partitions for the category of /nitely generated modules over an arbitrary
Artin algebra. Zimmermann-Huisgen [25] introduced and studied the “strong preinjec-
tive partition” and the “strong preprojective partition” for families of /nitely generated
∗ Correspondence address: Ohio University, Department of Mathematics, Athens, OH 45701, USA.
E-mail address: nguyendv@bing.math.ohiou.edu (N.V. Dung).
0022-4049/01/$ - see front matter c© 2001 Elsevier Science B.V. All rights reserved.
PII: S0022 -4049(00)00036 -0
132 N.V. Dung / Journal of Pure and Applied Algebra 158 (2001) 131–150
modules over arbitrary rings, which are upscaled versions of the preinjective and pre-
projective partitions of Auslander and SmalH [4]. More precisely, it was shown in [25]
that if R is a left pure semisimple ring (i.e., a ring of left pure global dimension zero,
or equivalently, a ring all of whose left modules are direct sums of /nitely generated
modules), then every family of /nitely generated indecomposable left R-modules has
a unique strong preinjective partition, and every family of /nitely presented indecom-
posable right R-modules has a unique strong preprojective partition. Moreover, based
on earlier results of Prest [15] and Zimmermann-Huisgen and Zimmermann [26], it
was observed in [25] that these partitions have countable lengths. The existence and
properties of these partitions provide a better understanding of the categories of /nitely
presented left and right modules over left pure semisimple rings. Note that, although
left pure semisimple rings have many attractive properties, it is not known whether
they are all of /nite representation type (see e.g. [20,26] for the history and recent
developments on the problem).
As was observed in [25], strong preinjective (preprojective) partitions occur rather
rarely. Over a left pure semisimple ring R, the existence of the strong preinjective
partition for /nitely generated indecomposable left R-modules was proved in [25] by
using duality techniques (e.g., Simson’s duality principle [16]). In this paper, we use a
di8erent method to show the existence of these partitions in more general contexts. Our
approach is based on the concepts of right and left almost split morphisms in subcat-
egories, that were introduced and studied by Auslander and Reiten [3] and Auslander
and SmalH [4,5], mainly in the context of Artin algebras.
More precisely, we show that if R is any ring and C is a family of indecomposable
left R-modules of /nite length satisfying the property that all submodules of arbitrary
direct sums of modules in C are direct sums of /nitely generated submodules, then
every subfamily of C has right almost split morphisms. Moreover, if C contains a
/nite cogenerating set, then for each natural number n, there are only /nitely many
pairwise non-isomorphic modules of length ≤ n in C, and every subfamily of C has a
unique strong preinjective partition of countable length. Dual results are also obtained
for families of modules having left almost split morphisms and strong preprojective
partitions.
For a left pure semisimple ring R, we observe that every family of /nitely generated
indecomposable left R-modules has right almost split morphisms, and dually, every
family of /nitely presented indecomposable right R-modules has left almost split mor-
phisms. As consequences, we rediscover the existence of strong preinjective partitions
and strong preprojective partitions for subfamilies of /nitely generated indecomposable
left R-modules and /nitely presented indecomposable right R-modules, respectively (see
[25, Theorem A, p. 314]). Moreover, the above observation also allows us to give new
proofs to the results, due to Prest [15] and Zimmermann-Huisgen and Zimmermann
[26], asserting that for any left pure semisimple ring R and any natural number n,
there are only /nitely many isomorphism classes of indecomposable left R-modules of
length ≤ n and /nitely many isomorphism classes of /nitely presented indecomposable
right R-modules of length ≤ n (cf. [22] for an alternative proof). In the last section of
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the paper, we indicate how our methods can be used to prove the existence of strong
preinjective partitions for families of /nitely generated indecomposable objects of pure
semisimple Grothendieck categories, or more generally, Grothendieck categories that
satisfy the Kulikov property in the sense of Brune [8].
2. Basic denitions and preliminaries
Throughout this paper, R is an associative ring with identity. We denote by R-mod
the category of /nitely presented left R-modules, and by R-Mod the category of all left
R-modules. The corresponding categories of right R-modules are denoted by mod-R and
Mod-R. By morphisms we mean homomorphisms between R-modules (morphisms are
assumed to operate on the left side of modules). Every R-module M can be regarded
in the natural way as a module over its endomorphism ring.
Let M = {Mi | i∈ I} be a family of /nitely generated left R-modules. By addM
we denote the full subcategory of R-mod consisting of all left R-modules isomorphic
to direct summands of /nite direct sums of modules in M. Similarly, AddM will
denote the full subcategory of R-Mod consisting of all left R-modules isomorphic to
direct summands of arbitrary direct sums of modules in M. By IndM we mean any
family of representatives of the isomorphism classes of the indecomposable summands
of modules in M. For a ring R, we just write R-Ind instead of Ind(R-mod).
In this paper C usually denotes a family of /nitely generated indecomposable left
(or right) R-modules. Following Auslander and Reiten [3], Auslander and SmalH [4,5],
for an indecomposable module M in C and N in addC, a morphism f :N → M is
called a right almost split morphism in addC provided f is not a split epimorphism,
and for any module K in addC and a morphism g :K → M which is not a split
epimorphism, there is a morphism h :K → N such that g = fh. If there is a right
almost split morphism f :N → M in addC for each indecomposable module M in C,
then we say that the family C has right almost split morphisms. Left almost split
morphisms are de/ned in a dual manner, and similarly, we say that the family C has
left almost split morphisms if there is a left almost split morphism f :M → N in
addC for each indecomposable module M in C.
Given families A and B of /nitely generated left R-modules, A is called a cogen-
erating set for B if every module in B can be embedded into a module in addA. If
A is a cogenerating set for B, and no proper subfamily of A is a cogenerating set
for B, then A is called a minimal cogenerating set for B. The concepts of generating
sets and minimal generating sets of modules are de/ned dually. Furthermore, for an
R-module M and a family U of R-modules, the reject of U in M , denoted by RejU(M),
is the intersection of all kernels of morphisms from M to modules in U. Similarly, the
trace of U in M , denoted by TrU(M), is the sum of all images of morphisms from
the modules in U to M . If U = {N} is a singleton, then we just write TrN (M) and
RejN (M).
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Let C be a family of /nitely generated indecomposable left R-modules. Following
[25], we say that C has a strong preinjective partition if there exist an ordinal number
 and a partition IndC =
⋃
¡ C with the following properties:
(i) C ∩ C = ∅ whenever  	= ;
(ii) each C is /nite;
(iii) for each ordinal ¡ ; C is a minimal cogenerating set for
⋃
≥ C.
The least ordinal  with C=∅ is called the length of the partition. Clearly, if C=∅
for some , then C = ∅ for all  ≥ .
The concept of a strong preprojective partition is de/ned in a dual manner. For
later use, we recall the following de/nition from [4]. A family C of /nitely generated
indecomposable R-modules is said to have a preprojective partition if there is a par-
tition IndC =
⋃
1≤k≤∞Pk satisfying the properties that the Pk are disjoint subsets of
IndC for all 1 ≤ k ≤ ∞, and for each n¡∞; Pn is /nite and a minimal generating
set for
⋃
k≥nPk .
Following [4], an indecomposable module M in C is said to be splitting injective in
C if any monomorphism f :M → N with N ∈ addC splits (the concept of a splitting
projective module in C is de/ned dually). The next lemma is essentially due to Aus-
lander and SmalH [4, Theorem 2:3] and Zimmermann-Huisgen [25, Theorem 4]. Since
no proofs were given in [4,25], and our hypotheses are slightly di8erent from those of
[25, Theorem 4], we include below a brief argument for the reader’s convenience.
Lemma 2.1. Let C= {Mi | i∈ I} be a family of pairwise non-isomorphic 6nitely gen-
erated left R-modules with local endomorphism rings. Moreover; assume that each
module Mi in C is 6nitely cogenerated as R-module and has essential socle as a
module over its endomorphism ring. If C contains a minimal cogenerating set A;
then A coincides with the set of all splitting injective modules in C.
Proof. We denote by A′ the set of all splitting injective modules in C. For any module
C ∈A′, there is a monomorphism f :C → M with M ∈ addA, hence f splits yielding
that C ∈A. Therefore A′⊆A. To show that A⊆A′, we take any module A∈A
and consider a monomorphism f :A→ M with M ∈ addC. Since A is a cogenerating
set for C, hence for addC, there is a monomorphism g :M → (B1 ⊕ · · · ⊕ Bm) ⊕ An,
with B1; : : : ; Bm ∈A\{A}. We show that h=gf splits which implies that f splits. Set
B=
⊕m
i=1 Bi; S =EndR A, and let h1; : : : ; hn be the maps from A to the n copies A by
composing h with the canonical projections of (B1 ⊕ · · · ⊕ Bm) ⊕ An to the copies of
A. If h is not splittable, none of the hi is an isomorphism and since S is a local ring,
hi ∈ J = Rad(S) for each i = 1; : : : ; n. Because (
⋂n
i=1 Ker hi) ∩ RejB(A) = 0, it follows
that Soc(SA)∩RejB(A)=0. As Soc(SA) is essential in SA by hypothesis, and RejB(A) is
a submodule of SA, it follows that RejB(A) = 0. This means that B cogenerates A, and
since A is /nitely cogenerated, A can be embedded into a /nite direct sum of copies of
B=
⊕m
i=1 Bi. This clearly contradicts the hypothesis that A is a minimal cogenerating
set for C. We conclude that A is splitting injective in C, which completes our proof.
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Following Auslander [2], a family A = {Mi | i∈ I} of /nitely generated indecom-
posable R-modules is called Artinian (respectively, Noetherian) if for any sequence
of non-isomorphisms
· · · fn−→Min −→ · · ·
f2−→Mi2
f1−→Mi1
(respectively; Mi1
f1−→Mi2
f2−→· · · −→ Min
fn−→· · ·)
with Mik ∈A, there is a natural number n such that f1f2 : : : fn = 0 (respectively,
fn : : : f2f1 = 0). The lemma below will be useful in the sequel.
Lemma 2.2. Let M be a 6nitely generated indecomposable left R-module and S =
EndR M . Then S is right perfect if and only if the singleton family {M} is Artinian.
Dually; S is left perfect if and only if the singleton family {M} is Noetherian.
Proof. Let J be the Jacobson radical of S and suppose that the singleton family {M}
is Artinian. For any endomorphism f of M which is not an automorphism, the Artinian
condition on {M} implies that f must be nilpotent, hence f belongs to J . It follows
that S is a local ring. Again, the Artinian condition on {M} clearly implies that J must
be right T-nilpotent, yielding that S is right perfect (since endomorphisms operate on
the left side of modules, we adopt the convention that the product f · g of any f and
g in S is equal to the composition gf of f and g). The converse is clear, and the left
perfect case is proved similarly.
Following Anderson and Fuller [1, p. 141], an indecomposable decomposition M =
⊕
i∈I Mi is said to complement maximal direct summands if whenever M=A⊕X with
X an indecomposable summand of M , there is an index j∈ I such that M = A ⊕Mj
(see also [9]). We shall make use of the following known result.
Lemma 2.3. Let M=
⊕
i∈I Mi be an indecomposable decomposition that complements
maximal direct summands; and suppose that M = A⊕ X1 ⊕ · · · ⊕ Xn; where X1; : : : ; Xn
are indecomposable summands of M. Then there are indices i1; : : : ; in in I such that
M = A⊕Mi1 ⊕ · · · ⊕Min .
Proof. See [1, Lemma 12:2].
We refer the reader to [1,23] for all unde/ned notions used in the text.
3. Strong preinjective and strong preprojective partitions
It is well-known that, over a left pure semisimple ring R, the family of all /nitely
generated indecomposable left R-modules has right almost split morphisms (see e.g.
[17, Remark 3, p. 115; 25, Remark 9, p. 318]). We will show that, in fact, over a
left pure semisimple ring R, every family of /nitely generated indecomposable left
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R-modules has right almost split morphisms. We will see later on that this is indeed
a very strong property from which several important features of left pure semisimple
rings can be derived.
In this section, our results will be proved in more general settings. First, we provide
su4cient conditions for a family of /nitely generated indecomposable modules to have
the property that each of its subfamilies has right almost split morphisms. These con-
ditions are inspired by Brune’s work [7,8] on rings and categories with the Kulikov
property. We show further that, for a family C of indecomposable modules of /nite
length, the existence of right almost split morphisms for each subfamily of C is closely
connected with the existence of a strong preinjective partition for C. We observe also
the dual results for left almost split morphisms, and their connection with the existence
of a strong preprojective partition, for families of indecomposable modules. As con-
sequences, we recover the corresponding results on /nitely presented indecomposable
left and right modules over a left pure semisimple ring, obtained earlier in [15,25,26]
by di8erent methods.
To prove our /rst result, we will need the following easy, but useful, lemma. Re-
call that a module is locally Noetherian if its every /nitely generated submodule is
Noetherian.
Lemma 3.1. Let M be a locally Noetherian module; and let U be a submodule of M
such that M=U is 6nitely generated. If U has an in6nite direct sum decomposition
U =
⊕
i∈I Ui; then there is a subset J ⊆ I such that I\J is 6nite and the submodule
U =
⊕
i∈J Ui is a direct summand of M .
Proof. See Brune [8, Lemma 2.2] (cf. [23, 53.2]).
Proposition 3.2. Let R be any ring and C a family of Noetherian modules with local
endomorphism rings. Suppose that all submodules of modules in AddC are direct
sums of 6nitely generated submodules. Then every subfamily of C has right almost
split morphisms.
Proof. Let A be any subfamily of C. For any module N in A, we have to show
that there is a module A∈ addA and a morphism g :A → N which is not a split
epimorphism, such that for any module X in A, each morphism h :X → N that is not
an isomorphism factors through g. This clearly would imply that g :A → N is a right
almost split morphism in A.
Let A={Mi | i∈ I} with all Mi in C, and for each i∈ I , setHi={’∈Hom(Mi; N ) |’
is not an isomorphism}. Consider the morphism fi :M (Hi)i → N with the components
’ :Mi → N; ’∈Hi : Let M=⊕i∈I M (Hi)i and f :M=⊕i∈I M (Hi)i → N be the morphism
induced by the fi. Setting U=Kerf, then because M ∈AddA, our hypothesis implies
that there is a direct decomposition U=⊕∈ U, where each U is a /nitely generated
submodule of U . Since the module N is Noetherian and M=U ∼= f(M), it follows
that M=U is /nitely generated. Suppose /rst that  is a /nite set, then U must be
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/nitely generated, yielding that M is /nitely generated, hence M ∈ addA. In this case,
f :M → N is the required right almost split morphism in A, because clearly f is not
a split epimorphism and each morphism ’ :Mi → N with ’∈Hi factors through f.
Therefore, from now on, we may assume that  is an in/nite set. Since the mod-
ule M is locally Noetherian, it follows from Lemma 3.1 that there is a subset ′
of  such that  \ ′ is a /nite set and ⊕∈′ U is a direct summand of M .
Thus we can write M =
⊕
∈′ U ⊕ K for some submodule K of M . We have
(M=
⊕
∈′ U)=(U=
⊕
∈′ U) ∼= M=U , and since the modules M=U and U=
⊕
∈′ U∼=⊕∈\′ U are /nitely generated, it follows that K ∼= M=
⊕
∈′ U is /nitely gen-
erated. On the other hand, since each Mi (i∈ I) is a /nitely generated module with
a local endomorphism ring, it follows from the Crawley–JHnsson–War/eld theorem
(e.g. [1, Theorem 26:5]) that K has a direct decomposition K =⊕∈B K, where each
K is a direct summand of M isomorphic to some Mi. Because K is /nitely gener-
ated, B must be a /nite set, i.e., K is a /nite direct sum of indecomposable modules
K. Since M =
⊕
i∈I M
(Hi)
i is a direct decomposition of M into summands with lo-
cal endomorphism rings, this decomposition complements maximal direct summands
(see e.g. [1, Lemma 12:2]), so by Lemma 2.3 there is a /nite subsum
⊕
j∈F Mj
of
⊕
i∈I M
(Hi)
i such that M = (
⊕
j∈F Mj) ⊕ (
⊕
∈′ U). Let p :M →
⊕
j∈F Mj be
the canonical projection with respect to this decomposition. Consider the restriction
g= f|⊕
j∈F Mj
: ⊕j∈F Mj → N . Then clearly g is not a split epimorphism. Moreover,
for any non-isomorphism ’ :Mi → N (i.e., ’∈Hi), since
⊕
∈′ U⊆U = Kerf, it
follows that ’(x) = f(x) = fp(x) = gp(x) for all x∈Mi. This means that ’= gp|Mi ,
i.e., ’ factors through g. Thus g :
⊕
j∈F Mj → N is the required right almost split
morphism in A, and the proof is complete.
A family C of /nitely generated indecomposable R-modules is said to be of 6nite
type provided C contains only /nitely many pairwise non-isomorphic modules. We
show now that, under some weak /niteness hypothesis on a family C, the Artinian
condition combined with the existence of right almost split morphisms in C implies
that C is of /nite type. Our proof makes use of an idea due to Yamagata [24].
Theorem 3.3. Let R be any ring and C an Artinian family of 6nitely generated inde-
composable left R-modules such that C has right almost split morphisms. Moreover;
assume that C contains a 6nite subfamily C0 with the property that for every module
M ∈C; there is a module N ∈C0 such that Hom(M;N ) 	= 0. Then the family C is of
6nite type.
Proof. First note that, since the family C is Artinian, every singleton family {X }
with X ∈C is Artinian, hence by Lemma 2.2 EndR X is right perfect. Because X is
indecomposable, it follows in particular that EndR X is a local ring. Therefore, without
loss of generality, every module in addC can be identi/ed with a /nite direct sum of
modules in C (see e.g. [1, Corollary 12:7]).
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Now, /x any module M in C0. We shall construct by induction a sequence of
/nite subfamilies C1(M);C2(M); : : : ;Cn(M); : : : of C, and a sequence of /nite sets
of morphisms H1(M);H2(M); : : : ;Hn(M); : : : , where each Hn(M) consists of certain
non-isomorphisms from modules in Cn(M) to modules in Cn−1(M), which are de/ned
as follows. Set C0(M) = {M}. Let f1 :N1 → M be a right almost split morphism in
C, which exists by our hypothesis. Because N1 ∈ addC, there is a direct decomposition
N1 = U1 ⊕ · · · ⊕ Ut , where Ui is in C for each 1 ≤ i ≤ t. Let #i :Ui → N1 be the
canonical injections. We set C1(M) = {U1; : : : ; Ut}, and H1(M) = {f1#1; : : : ; f1#t}.
Obviously, f1#i :Ui → M is a non-isomorphism for each 1 ≤ i ≤ t.
Suppose we have already de/ned the /nite subfamilies {Ck(M)}nk=0 of C, and /-
nite sets {Hk(M)}nk=1, of non-isomorphisms from modules in Ck(M) to modules in
Ck−1(M) (for 1 ≤ k ≤ n). We will de/ne Cn+1(M) and Hn+1(M) as follows. Let
Cn(M) = {V1; : : : ; Vk} with each Vi ∈C. By hypothesis, for each 1 ≤ i ≤ k, there
is a right almost split morphism gi :Li → Vi in C. There is a direct decomposition
Li = Wi1 ⊕ · · · ⊕ Witi with Wi1; : : : ; Witi in C. Let #ij :Wij → Li be the canonical in-
jections (1 ≤ j ≤ ti). Then we de/ne Cn+1(M) = {Wij | 1 ≤ j ≤ ti; 1 ≤ i ≤ k},
and Hn+1(M) = {gi#ij | 1 ≤ j ≤ ti; 1 ≤ i ≤ k}. Obviously gi#ij :Wij → Vi is a
non-isomorphism.
For each natural number n ≥ 1, we consider the /nite set An of all the non-zero
compositions 1 : : : n of morphisms i ∈Hi(M) (1 ≤ i ≤ n). Let F be a family of
functions {qn :An → power set of An+1} such that if an = 1 : : : n ∈An, then
qn(an) = {1 : : : nn+1 | n+1 ∈Hn+1(M); 1 : : : nn+1 	= 0}:
Following Osofsky [14, p. 381], the pair ({An}; F) is called a graph, and a path in this
graph is a set of elements {an} such that a0 ∈A0, and an ∈ qn−1(an−1) for n ≥ 1. Since
C is an Artinian family of modules, there does not exist an in/nite sequence {i}∞i=1
with i ∈Hi(M) such that 1 : : : n 	= 0 for each n ≥ 1. This means that this graph
cannot have a path of in/nite length, and it follows from KRonig’s Graph Theorem
(see e.g. [14, Lemma 10]) that this graph can not have arbitrarily long paths. In other
words, there exists a natural number l(M) (depending on the module M) such that for
any number m ≥ l(M), any composition 1 : : : m with i ∈Hi(M) will be zero.
Let us denote C(M) = {X ∈C |X is isomorphic to some module in ⋃l(M)k=1 Ck(M)}:
Then C(M) is a subfamily of /nite type of C. In a similar way and using similar
notation, we can construct the families Cn(M ′); Hn(M ′) and C(M ′) for each module
M ′ in C. To prove that C is of /nite type, it is enough to show that every module in
C is isomorphic to a module in C(M ′) for some M ′ ∈C0.
Let A be an arbitrary module in C, and suppose on the contrary that A is not
isomorphic to any module in
⋃
M ′∈C0 C(M
′). We now proceed to show that this would
lead to a contradiction. By hypothesis, there is a module M ∈C0 and a non-zero
morphism g :A → M . By our assumption, A is not isomorphic to M , hence g is not
an isomorphism. There is a right almost split morphism f1 :N1 → M , where N1 is
in addC1(M) that was de/ned above. Thus there is a morphism h1 :A → N1 such
that g = f1h1. It follows that there are an indecomposable summand M1 of N1 with
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M1 ∈C1(M) and morphisms ’1 :A → M1;  1 :M1 → M , such that  1 ∈H1(M) and
 1’1 	= 0. In particular, ’1 is non-zero, and because A is not isomorphic to M1, ’1
is not an isomorphism. Now we repeat the above argument for ’1 :A → M1 instead
of g :A → M . Similarly, there are a module M2 ∈C2(M) and morphisms ’2 :A →
M2;  2 :M2 → M1 with  2 ∈H2(M), such that  1 2’2 	= 0. Continuing the process
and by an obvious induction, we obtain for each natural number k ≤ l(M) a module
Mk ∈Ck(M) and morphisms ’k :A→ Mk;  k :Mk → Mk−1, such that  k ∈Hk(M) and
the composition  1 : : :  k’k is non-zero. In particular, it follows that the composition
 1 : : :  l(M)’l(M) is non-zero, which gives a contradiction because  1 : : :  l(M) =0 by our
choice of the number l(M). This completes the proof of the theorem.
We now prove a result that establishes the connection between right almost split
morphisms and strong preinjective partitions for a family of /nitely generated inde-
composable modules over an arbitrary ring. The proof we give below is inspired by
ideas of Auslander and SmalH [4, Section 3].
Theorem 3.4. Let R be any ring and C a family of 6nitely generated indecomposable
left R-modules with right perfect endomorphism rings. Suppose that C contains a 6nite
cogenerating set F such that for every subfamily A of C with F⊆A and for each
module M ∈F; there is a right almost split morphism f :N → M in A. Then every
subfamily of C has a strong preinjective partition.
Proof. It will su4ce to show that every subfamily A of C contains a /nite cogenerat-
ing set. Since every /nite cogenerating set contains a minimal one, an easy trans/nite
induction would show the existence of a strong preinjective partition for every sub-
family of C.
Let F= {E1; : : : ; Em} with each Ek in C, and consider an arbitrary subfamily A of
C. To prove that A has a /nite cogenerating set, it is enough to show that for each
Ek (k = 1; : : : ; m), there is a morphism f :Ak → Ek with Ak ∈ addA such that for any
module X ∈A and any morphism g :X → Ek , there is a morphism h :X → Ak such
that g = fh. Indeed, assume that this property holds and let X1; : : : ; Xl be a complete
set of all indecomposable summands of the modules A1; : : : ; Am. We will show that
{X1; : : : ; Xl} is a cogenerating set for A. Take any module X in A, then because
{E1; : : : ; Em} is a cogenerating set for C, there is a monomorphism g :X → D, where
D∈ add{E1; : : : ; Em}. By our assumption, this easily implies that there are a module
A∈ add{X1; : : : ; Xl} and morphisms f′ :A→ D and h :X → A such that g=f′h. Since
g is a monomorphism, it follows that h is a monomorphism. Therefore, {X1; : : : ; Xl} is
a cogenerating set for A which proves our claim.
To show that A has a /nite cogenerating set, clearly we may assume without loss
of generality that {E1; : : : ; Em} ∩A = ∅ (otherwise, put A′ =A \ {E1; : : : ; Em}, and
consider A′ instead of A). Set B = {E1; : : : ; Em} ∪A. By the above observation, it
su4ces to show that, for any module E ∈{E1; : : : ; Em}, there are a module A∈ addA
and a morphism f :A→ E such that for any module X ∈A, any morphism g :X → E
factors through f.
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For such a /xed module E ∈{E1; : : : ; Em}, we construct now an in/nite sequence of
modules An ∈ addA; Yn ∈ add{E1; : : : ; Em} and morphisms fn :An⊕ Yn → An−1⊕ Yn−1
with n= 1; 2; : : : , by induction as follows. We set A0 = 0 and Y0 = E. By hypothesis,
there is a right almost split morphism f1 :B → Y0 in B, with B∈ addB. We can
write B=A1⊕Y1, where A1 ∈ addA and Y1 ∈ add{E1; : : : ; Em}. Note, in particular, that
Y1 = Z1 ⊕ · · · ⊕ Zt with Zi ∈{E1; : : : ; Em}, and because f1 is not a split epimorphism,
the restriction f1|Zi :Zi → Y0 of f1 on each Zi is not an isomorphism. Now suppose
that we have already constructed the modules A1; : : : ; An in addA and Y1; : : : ; Yn in
add{E1; : : : ; Em} with a /nite sequence of morphisms fk :Ak ⊕ Yk → Ak−1 ⊕ Yk−1 with
k=1; : : : ; n. We shall construct the modules An+1; Yn+1 and the morphism fn+1 :An+1⊕
Yn+1 → An ⊕ Yn as follows. There is a direct decomposition Yn =W1 ⊕ · · · ⊕Ws with
Wi ∈{E1; : : : ; Em} (1 ≤ i ≤ s). For each i, by hypothesis there is a right almost split
morphism gi :Ci → Wi in B. Set C=C1⊕· · ·⊕Cs and g :C → Yn with g=(g1; : : : ; gs).
Then we de/ne the map fn+1 :An⊕C → An⊕ Yn as fn+1 = (1An ; g). Now each Ci has
a direct decomposition Ci = A′i ⊕Wi1 ⊕ · · · ⊕Wiri , where A′i ∈ addA and each Wij is
in {E1; : : : ; Em}. Set An+1 =An⊕ (
⊕s
i=1 A
′
i) and Yn+1 =
⊕s
i=1 (
⊕ri
j=1 Wij). Then clearly
An+1 ⊕ Yn+1 = An ⊕ C, and so fn+1 is a morphism from An+1 ⊕ Yn+1 to An ⊕ Yn.
Note that for any module X ∈A and a morphism  :X → Yn,  cannot be a split
monomorphism by our assumption that {E1; : : : ; Em} ∩ A = ∅, so the properties of
the right almost split morphisms gi constructed above imply that there is a morphism
 :X → C such that  = g. Hence, for any morphism ′ :X → An ⊕ Yn with X ∈A,
there is a morphism ′ :X → An+1⊕Yn+1 such that ′=fn+1′. By induction, it follows
easily that for any morphism 1 :X → Y0 with X ∈A and any natural number n, there
is a morphism 2 :X → An+1⊕Yn+1 such that 1= gn+12, where gn+1 :An+1⊕Yn+1 → Y0
is the composition gn+1 = f1; : : : ; fnfn+1. We show now that there is a number n
such that the restriction gn+1|Yn+1 :Yn+1 → Y0 is zero. For such a number n, the map
f = gn+1|An+1 :An+1 → Y0 clearly satis/es the required property that any morphism
1 :X → Y0 with X ∈A factors through f (bearing in mind that Y0 = E).
Note that the restriction fn+1|Yn+1 :Yn+1 → Yn is a /nite sum of the maps 1ij, where
1ij is the restriction gi|1ij :Wij → Wi (1 ≤ i ≤ s; 1 ≤ j ≤ rj), and clearly all 1ij are
non-isomorphisms. Therefore, the restriction gn+1|Yn+1 :Yn+1 → Y0 is a /nite sum of
the compositions of n+ 1 non-isomorphic morphisms of the form 1ij described above,
between copies of the modules in {E1; : : : ; Em} and ending in Y0 = E. By hypothesis,
each module Ek has a right perfect endomorphism ring, hence the singleton family
{Ek} is Artinian by Lemma 2.2. It follows easily that the /nite family {E1; : : : ; Em} is
also Artinian, i.e., there does not exist an in/nite sequence of non-isomorphisms
· · · → Vin hn−→· · · −→ Vi2 h2−→Vi1 h1−→Vi0
with all Vin in {E1; : : : ; Em} such that the composition h1h2 : : : hn is non-zero for all
n ≥ 1. Similarly as in the proof of Theorem 3.3, an application of KRonig’s Graph
Theorem [14, Lemma 10] shows that there is a number n big enough so that all
compositions of n+1 non-isomorphic morphisms of the form 1ij described above will
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be zero. For such a number n, the restriction gn+1|Yn+1 :Yn+1 → Y0 must be zero, which
completes the proof of the theorem.
Corollary 3.5. Let C = {Mi | i∈ I} be a family of 6nitely generated indecomposable
left R-modules with right perfect endomorphism rings. Suppose that C contains a 6nite
cogenerating set and every subfamily of C has right almost split morphisms. Then
every subfamily of C has a strong preinjective partition. Moreover; if the modules Mi
in C are all of 6nite length; then every subfamily of C has a unique strong preinjective
partition of countable length.
Proof. The existence of a strong preinjective partition for every subfamily of C is an
immediate consequence of Theorem 3.4. Now suppose that the modules Mi in C are
all of /nite length. Then every module Mi in C is /nitely cogenerated as R-module,
and has essential socle as a module over its semiprimary endomorphism ring, so it is
clear by Lemma 2.1 that the strong preinjective partition of every subfamily of C is
unique. Now let A be a /nite cogenerating set for C, and for each natural number
n, let Bn be the subfamily of C consisting of all modules M of length ≤ n in C.
Consider now the family A ∪ Bn, for which A also is a /nite cogenerating set. By
the Harada–Sai Lemma [12] the family A ∪Bn is Artinian, and by our hypothesis it
has right almost split morphisms. Clearly the family A∪Bn satis/es the hypotheses of
Theorem 3.3 from which it follows that the family A∪Bn contains only /nitely many
pairwise non-isomorphic modules. Since C =
⋃∞
n=1 Bn, it follows that the family C
contains only countably many pairwise non-isomorphic members. Therefore, the strong
preinjective partition of C (and of every subfamily of C) is of countable length.
We obtain the following theorem which can be deduced easily from our preceding
results.
Theorem 3.6. Let R be any ring and C a family of indecomposable left R-modules
of 6nite length satisfying the property that all submodules of modules in AddC are
direct sums of 6nitely generated submodules. Then the following statements hold:
(1) Every subfamily of C has right almost split morphisms;
(2) Assume that C contains a 6nite subfamily C0 with the property that for every
module M ∈C; there is a module N ∈C0 such that Hom(M;N ) 	= 0. Then for
each natural number n, there are only 6nitely many pairwise non-isomorphic
modules of length ≤ n in C;
(3) If C contains a 6nite cogenerating set; then every subfamily of C has a unique
strong preinjective partition of countable length.
Proof. (1) This follows immediately from Proposition 3.2, since every indecomposable
module of /nite length has a (semiprimary) local endomorphism ring.
(2) This is a consequence of (1), the Harada–Sai Lemma [12], and Theorem 3.3.
(3) This follows from (1) and Corollary 3.5.
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As a consequence of the above theorem, we obtain the following important properties
of left pure semisimple rings. The statements (2) and (3) were proved in [15,26], and
[25], respectively, by using duality techniques (see also [22] for a proof of (2) based
on functor ring techniques).
Corollary 3.7. Let R be a left pure semisimple ring. Then the following statements
hold:
(1) Every family of 6nitely generated indecomposable left R-modules has right al-
most split morphisms;
(2) ([15; Theorem 3:8; 26; Corollary 10]). For each natural number n; there are
only 6nitely many isomorphism classes of indecomposable left R-modules of
length ≤ n;
(3) ([25; Theorem A (1); p: 314]). Every family of 6nitely generated indecompos-
able left R-modules has a unique strong preinjective partition of countable length.
So far we have been concerned with strong preinjective partitions and right almost
split morphisms. We can establish the following results which are the dual versions
to Theorem 3.3 and Corollary 3.5, respectively. We omit the proofs which are quite
similar to the corresponding proofs of the dual results.
Theorem 3.8. Let C be a Noetherian family of 6nitely generated indecomposable
right R-modules. Suppose that C contains a 6nite generating set; and C has left
almost split morphisms. Then C is of 6nite type.
Theorem 3.9. Let C be a family of 6nitely generated indecomposable right R-modules
with right perfect endomorphism rings. Suppose that C has a 6nite generating set
and every subfamily of C has left almost split morphisms. Then every subfamily of
C has a strong preprojective partition.
We are now interested in conditions which ensure that a family C of /nitely gen-
erated indecomposable modules satis/es the property that each of its subfamilies has
left almost split morphisms. First, we need the following characterization of left almost
split morphisms in terms of endomorphism rings, that was established in [10].
Lemma 3.10. Let C = {Mi | i∈ I} be a family of 6nitely generated right R-modules
with local endomorphism rings. Let M=⊕i∈I Mi and S=EndR M . Then for a module
Mk in C; there is a left almost split morphism f :Mk → N in addC if and only if
the left S-module Hom(Mk;M) has a 6nitely generated Jacobson radical.
Proof. See [10, Lemma 2.3].
Proposition 3.11. Let C={Mi | i∈ I} be a family of 6nitely generated indecomposable
right R-modules with local endomorphism rings. Let M = ⊕i∈I Mi and S = EndR M .
Suppose that Hom(Mk;M) is Noetherian as a left S-module for each Mk ∈C. Then
every subfamily of C has left almost split morphisms.
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Proof. This follows from Lemma 3.10 and the following easily veri/ed fact: If M =
A⊕B⊕C is a direct sum of right R-modules such that Hom(A;M) is a Noetherian left
module over EndR M , then Hom(A; A⊕B) is a Noetherian left module over EndR(A⊕B).
Corollary 3.12. Let R be any ring and C= {Mi | i∈ I} a family of 6nitely generated
indecomposable right R-modules with (left and right) perfect endomorphism rings.
Let M = ⊕i∈I Mi and S = EndR M . Suppose that C contains a 6nite generating set;
and Hom(Mk;M) is Noetherian as a left S-module for each Mk ∈C. Then every sub-
family of C has a unique strong preprojective partition. Moreover; every Noetherian
subfamily of C is of 6nite type.
Proof. The /rst statement follows from Proposition 3.11 and Theorem 3.9. The unique-
ness of the strong preprojective partition for every subfamily of C is proved by using
[25, Theorem 4(2)]. The second statement is immediate from Proposition 3.11 and
Theorem 3.8.
We obtain the following consequence for /nitely presented right modules over left
pure semisimple rings.
Corollary 3.13. Let R be a left pure semisimple ring. Then the following statements
hold:
(1) Every family of 6nitely presented indecomposable right R-modules has left al-
most split morphisms;
(2) ([25; Theorem 3:6; 26; Corollary 10]) For each natural number n; there are only
6nitely many isomorphism classes of 6nitely presented indecomposable right
R-modules of length ≤ n;
(3) ([25; Theorem A (2); p: 314]) Every family of 6nitely presented indecomposable
right R-modules has a unique strong preprojective partition of countable length.
Proof. (1) Let C = {Mi | i∈ I} be a representative set of all /nitely presented inde-
composable right R-modules. Then M =⊕i∈I Mi is Noetherian over its endomorphism
ring (see [26, Theorem 9]; cf. [22, Theorem 3.1]). For each i∈ I , since Mi is a /nitely
generated right R-module, there is a right exact sequence RnR → Mi → 0 in Mod-R (for
some n ≥ 1), which induces a left exact sequence 0 → Hom(Mi;M) → Hom(RnR ; M)
in S-Mod, where S =EndR M . As the last term in the above sequence is a Noetherian
left S-module, it follows that Hom(Mi;M) is also a Noetherian left S-module. On the
other hand, because over a semiprimary ring every /nitely presented module has a
semiprimary endomorphism ring (see [6, Theorem 4.1]), EndR Mi is semiprimary for
each i∈ I . In particular, because Mi is indecomposable, EndR Mi must be local. Now it
follows from Proposition 3.11 that every family of /nitely presented indecomposable
right R-modules has left almost split morphisms which proves (1).
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(2) By the Harada–Sai Lemma [12], for any natural number n, the family of all
/nitely presented indecomposable right R-modules of length ≤ n is Noetherian. The
claim then follows from Corollary 3.12.
(3) By Corollary 3.12, we obtain that every family of /nitely presented indecom-
posable right R-modules has a unique strong preprojective partition. By the Auslander–
Bridger transpose (see e.g. [1, p. 354]), there is a bijective correspondence between
the isomorphism classes of all /nitely presented indecomposable left R-modules and all
/nitely presented indecomposable right R-modules. Because R is a left pure semisimple
ring, by Corollary 3.7 there are countably many isomorphism classes of /nitely pre-
sented indecomposable left R-modules. Therefore there are countably many isomor-
phism classes of /nitely presented indecomposable right R-modules. Hence the length
of the strong preprojective partition of every family of /nitely presented indecompos-
able right R-modules must be countable.
If R is a left pure semisimple ring, then it follows from Corollary 3.13(3) that
a preprojective partition exists for every family of /nitely presented indecompos-
able right R-modules. Moreover, for such a ring R, /nitely presented indecomposable
right R-modules are /nitely generated over their endomorphism rings (see [18,26]).
These facts suggest the following result which may be regarded as an extension of
Corollary 3.13(2).
Proposition 3.14. Let R be any ring and C a family of 6nitely generated indecom-
posable right R-modules which are 6nitely generated over their endomorphism rings.
If the family C is Noetherian and has a preprojective partition; then C is of 6nite
type.
Proof. First note that, since the family C is Noetherian, it follows from Lemma 2.2
that each module in C has a local endomorphism ring. Without loss of generality, we
may assume that the modules in C are pairwise non-isomorphic, and we must show
that C is a /nite family. Let C =
⋃
1≤k≤∞ Pk be a preprojective partition of C. Set
Ck =
⋃
l≥k Pl for each k ¡∞.
Now we consider the /nite set Pk = {A1; : : : ; Am} for a /xed k ¡∞. We claim that
there exist a module Bk ∈ addPk and an element bk ∈Bk such that for any module
Y ∈ addCk and an element y∈Y , there is a morphism g :Bk → Y such that g(bk)=y.
Indeed, because each module Ai ∈Pk is /nitely generated over its endomorphism ring,
there are elements a1; : : : ; at in Ai such that for any element a∈Ai, there are endomor-
phisms 1; : : : ; t in EndRAi such that a= 1(a1)+ · · ·+ t(at). Set b=(a1; : : : ; at)∈Ati
(Ati is a direct sum of t copies of Ai). Then for any element a∈Ai, there is a mor-
phism  :Ati → Ai such that a = (b). It follows that for any positive integer s and
any element a′ ∈Asi , there is a morphism ′ :Ati → Asi such that ′(b) = a′. Since this
is true for each module Ai ∈Pk , it follows easily that there are a module Bk ∈ addPk
and an element bk ∈Bk such that for any module X ∈ addPk and an element x∈X ,
there is a morphism  :Bk → X such that (bk)= x. Now take any module Y ∈ addCk
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and an element y∈Y . Because Pk is a /nite generating set for Ck =
⋃
l≥k Pl, and Y
is /nitely generated, there is an epimorphism h :X → Y with X ∈ addPk . There is an
element x∈X such that h(x)=y. Then, as we have shown above, there is a morphism
 :Bk → X such that (bk)= x. This implies that the composition g= h :Bk → Y has
the property that g(bk) = y, which proves our claim.
Therefore, by the claim, we obtain an in/nite sequence of pairs {(Bk; bk)}∞k=1 with
Bk ∈ addPk and bk ∈Bk , and an in/nite sequence of morphisms
B1
g1−→B2 g2−→· · · −→ Bk gk−→· · ·
such that gk(bk) = bk+1 for all k ≥ 1. Since the family C is Noetherian and the
modules Mi in C are pairwise non-isomorphic by our assumption, an application of
KRonig’s Graph Theorem [14, Lemma 10] shows that there is a positive integer n such
that gngn−1 : : : g1 = 0. In particular, we get that gngn−1 : : : g1(b1) = bn+1 = 0. But then,
by the claim, for any module Y ∈Cn+1 =
⋃
k≥+1 Pk and any element y∈Y , there is
a morphism g :Bn+1 → Y such that g(bn+1) = y, which yields that Y = 0. Therefore
C =P1 ∪ · · · ∪Pn+1 is of /nite type.
Let R be a Krull–Schmidt ring, i.e., a ring such that every /nitely presented left (and
right) module is a direct sum of modules with local endomorphism rings. Following
[13], a /nitely presented indecomposable left R-module M is called preinjective if
there is a /nitely presented left R-module N such that N contains no indecomposable
summands isomorphic to M , and for any /nitely presented left R-module K such that
K and N have no non-zero isomorphic indecomposable summands, any monomorphism
f :M → K splits. For a left Artinian ring R, it is clear by Lemma 2.1 that if R-Ind has
a strong preinjective partition R-Ind=
⋃
¡ I, then a module M ∈R-Ind is preinjective
if and only if M ∈⋃¡! I. The concept of preprojective left (or right) R-modules is
de/ned dually.
For a left pure semisimple ring R, the analysis of preinjective and preprojective
R-modules seems essential for determining whether R must be of 6nite representation
type, i.e., having only /nitely many isomorphism types of /nitely generated indecom-
posable left and right modules (see [13,18,19,25]). We prove now a further result in
this direction.
Proposition 3.15. Let R be a left pure semisimple ring. Then the following conditions
are equivalent:
(a) Every preinjective left R-module is preprojective;
(b) Every preprojective left R-module is preinjective;
(c) R is a ring of 6nite representation type.
Proof. (a) ⇒ (c). Suppose that every preinjective left R-module is preprojective.
Because R is a left pure semisimple ring, R has only /nitely many isomorphism types
of preprojective left modules (see [13, Corollary 4:3] or [10, Corollary 3:8]). This
implies that R has only /nitely many isomorphism types of preinjective left modules,
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and because R-Ind has a strong preinjective partition (by [25] or Corollary 3.7), it
follows that R-Ind contains only /nitely many indecomposable modules, i.e., R is of
/nite representation type.
(b) ⇒ (c). Suppose that (b) is satis/ed. Let R-Ind=⋃¡ I be the strong preinjective
partition of R-Ind. As R is left pure semisimple, the set P of all preprojective modules
in R-Ind is /nite [13], and because P⊆⋃¡! I by the assumption, it follows that
there is a natural number n such that the set Dn =
⋃
≥n I contains no preprojective
modules.
Let P be any /nitely generated projective generator in R-Mod (for example, we could
take P =RR). Let us denote Kn = RejDn(P) = {
⋂
Kerf |f :P → M; M ∈Dn}. Then
P=Kn is cogenerated by Dn, and since P=Kn is of /nite length, there is a monomorphism
h :P=Kn → B, where B∈ addDn. Let C be any /nitely generated submodule of B. Then
C has a direct decomposition C = C1 ⊕ · · · ⊕ Ck , where each Ci is /nitely generated
indecomposable. If some Cj belongs to R-Ind \Dn, then because B∈ addDn, it would
follow that Cj is a direct summand of B, hence Cj ∈Dn, which is a contradiction.
Thus each Ci belongs to Dn, yielding that C ∈ addDn. It follows, in particular, that
Q = h(P=Kn) belongs to addDn. We show now that Q generates the family Dn. In
fact, take any indecomposable module X in Dn. Then X is generated by P, hence
X =:f(P) with f∈ Hom(P; X ). For any f∈Hom(P; X ), we have f(P) ∼= P=Kerf ∼=
(P=Kn)=(Kerf=Kn), so f(P)=g(Q) for some g∈Hom(Q; X ). It follows that X=:g(Q)
with g∈Hom(Q; X ), i.e., X is generated by Q. Thus, if Q = Q1 ⊕ · · · ⊕ Qt is an
indecomposable decomposition of Q, then {Q1; : : : ; Qt} is a /nite generating set for
Dn. It follows that Dn has a minimal (/nite) generating set B which consists of
all the spliting projectives in Dn (see [4, Theorem 2:3] or [25, Theorem 4]). Since
R-Ind \ Dn is a /nite set, each module N ∈B is preprojective in R-Ind. But by our
choice of n; Dn contains no preprojective modules of R-Ind. It follows that the set Dn
is empty, yielding that R is of /nite representation type.
(c) ⇒ (a) and (b). This is obvious.
We conclude this section by giving some examples which illustrate our previous
results.
Examples. (1) Let Z be the ring of integers, and C be the family of all indecomposable
Z-modules of /nite length. By Kulikov’s theorem (see e.g. [7,8]), every submodule of
a direct sum of /nitely generated Z-modules is again a direct sum of /nitely generated
Z-modules, so in particular submodules of modules in AddC are direct sums of /nitely
generated modules. Therefore, by Theorem 3.6(1), every subfamily of C has right
almost split morphisms. However, there are in/nitely many pairwise non-isomorphic
simple Z-modules, therefore assertions (2) and (3) of Theorem 3.6 do not hold. In fact,
the family of all simple Z-modules has right almost split morphisms and is Artinian,
but is not of /nite type. This shows that all the hypotheses in Theorem 3.3 are essential.
(2) For the ring Z of integers and any prime number p ≥ 2, consider the family
C= {Zpn | n=1; 2; : : :} (where Zk =Z=kZ for any k ∈Z). Then C consists of uniserial
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Z-modules of /nite length, and it is clear that C satis/es assertion (2), but not assertion
(3) of Theorem 3.6 (see e.g. [23, Exercise 15:11(6)]).
(3) Let R be an Artin algebra and C = {Mi | i∈ I} a family of /nitely generated
indecomposable left R-modules such that their direct sum
⊕
i∈I Mi is :-pure-injective.
Then every subfamily of C has right almost split morphisms, and every subfamily of
C has a unique strong preinjective partition of countable length. This fact essentially
follows from the proof of [26, Corollary 12] (cf. [25, Corollary E]), as follows. Let
D denote the Morita duality functor between R-mod and mod-R, then
⊕
i∈I D(Mi) is
Noetherian over its endomorphism ring [26]. Now it follows easily from Proposition
3.11 that every subfamily of {D(Mi) | i∈ I} has left almost split morphisms, yielding
by the duality that every subfamily of C has right almost split morphisms. Clearly
{D(Mi) | i∈ I} contains a /nite generating set and C contains a /nite cogenerating set.
Therefore the family C= {Mi | i∈ I} satis/es the hypotheses of Corollary 3.5, and the
family {D(Mi) | i∈ I} satis/es the hypotheses of Corollary 3.12.
4. Remarks on Grothendieck categories
In this brief section, we present categorical versions of some of the results in the
preceding section. Let A be a locally 6nitely presented Grothendieck category, i.e., a
Grothendieck category with a generating set of /nitely presented objects. An object M
in A is called pure-projective if M is isomorphic to a direct summand of a coproduct
of /nitely presented objects. Following Brune [8], A is said to satisfy the Kulikov
property if every subobject of a pure-projective object in A is also pure-projective.
The category A is called pure semisimple if each of its objects is pure-projective (see
e.g. [16]). Similarly as in module categories, one can de/ne in A the concepts of right
and left almost split morphisms, cogenerating and generating sets, strong preinjective
and strong preprojective partitions. The theorem below can be proved by adapting the
methods used in the preceding section. Note that assertion (3) of the theorem was
also proved by Wisbauer [22, Theorem 2:2] and GarcSTa and MartSTnez HernSandez [11,
Corollary 4:8], by using functor ring techniques. We assume that the morphisms in a
category A operate on the left side of the objects.
Theorem 4.1. Let A be a locally Noetherian Grothendieck category; and suppose
that A satis6es the Kulikov property. Then the following statements hold:
(1) Every family of 6nitely generated objects with local endomorphism rings in A
has right almost split morphisms;
(2) If N is a 6nitely generated object of A such that EndC N is left or right perfect;
then EndC N is right Artinian;
(3) If A has only 6nitely many non-isomorphic simple objects; then for each natural
number n; there are only 6nitely many isomorphism classes of indecomposable
objects of length ≤ n in A;
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(4) If a family C of indecomposable objects of 6nite length in A contains a 6nite
cogenerating set; then every subfamily of C has a unique strong preinjective
partition of countable length.
Proof. (1) This is similar to the proof of Proposition 3.2. (Alternatively, we observe
that the functor ring of A is right locally Noetherian [8, Theorem 2:1], hence the
assertion follows from a dual version of Lemma 3.10).
(2) The /nitely generated object N has a decomposition N = N1 ⊕ · · · ⊕ Nk , where
each Nk is indecomposable. By (1), the family {N1; : : : ; Nk} has right almost split
morphisms, hence by a dual version of Lemma 3.10, it follows that the Jacobson radical
Rad(EndC N ) of the ring EndC N is a /nitely generated right ideal. By Osofsky [14,
Lemma 11], if EndC N is left or right perfect, then it must be right Artinian.
(3) This follows from (1), the Harada–Sai lemma [12], and the proof of Theorem 3.3,
bearing in mind that every /nitely generated indecomposable object of A has a nonzero
simple quotient.
(4) This follows from (1) and the proof of Corollary 3.5.
We obtain the following immediate consequence for pure semisimple Grothendieck
categories.
Corollary 4.2. Let A be a pure semisimple locally 6nitely presented Grothendieck
category. Then the following statements hold:
(1) Every family of 6nitely generated indecomposable objects of A has right almost
split morphisms;
(2) Any 6nitely generated object of A has a right Artinian endomorphism ring;
(3) If A is locally Artinian and has only 6nitely many non-isomorphic simple
objects; then every family of 6nitely generated indecomposable objects of A
has a unique strong preinjective partition of countable length.
Proof. Assertions (1) and (2) follow from Theorem 4.1 ((1) and (2)) and the well-
known fact that every indecomposable object in a pure semisimple Grothendieck
category has a right perfect endomorphism ring (see e.g. [7]). Assertion (3) is a con-
sequence of Theorem 4.1 (4), because under our hypotheses, the /nite family of the
injective envelopes of all non-isomorphic simple objects in A will form a /nite co-
generating set for the family of all /nitely generated indecomposable objects of A.
Remarks. (i) Corollary 4.2(1) extends an observation, due to Simson [17, Remark 3,
p. 115], that for a pure semisimple Grothendieck category A, the subcategory of all
the /nitely generated objects of A has right almost split morphisms.
(ii) Corollary 4.2(2) improves a result of Wisbauer [23, 53.5 (4)] asserting that in
a pure semisimple category ;[M ] (for a right R-module M), every /nitely generated
self-projective object has a right Artinian endomorphism ring.
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(iii) We conclude by pointing out some examples in the literature which illustrate
our results. Brune [8] has constructed an example of a Grothendieck category which
is locally /nite and has the Kulikov property, but is not pure semisimple (it has pure
global dimension 1). As was pointed out in [22], the category ;[Zp∞ ] of Z-modules
subgenerated by Zp∞ (= the category of all Abelian p-groups) is another example of
a locally /nite Grothendieck category which has the Kulikov property, but is not pure
semisimple. Moreover, this category has only one simple object, so Theorem 4.1 (3)
applies. Finally, we recall that a pure semisimple Grothendieck category need not be
locally Artinian, as was shown by an example of Simson and SkowroSnski [21].
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